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Introduction
This paper examines the effect of taxation on long-run growth in a twosector endogenous growth model with leisure as an additional argument in the utility function. Endogenizing labor supply through leisure-dependent utility in models of economic growth has some interesting implications for the dynamics of these models, see e.g. Ladrón-de-Guevara et al. (1997) and De Hek (1998, 1999 ). The present analysis shows that the model may have multiple balanced growth paths, depending on the values of the parameters. The analysis of the effects of taxation, including income taxation, capital income taxation and labor income taxation, therefore distinguishes between the case with a unique (interior) balanced growth path (BGP) and the case with multiple balanced growth paths.
In the case of a unique equilibrium, the analysis shows that, like in the case without leisure-dependent utility, taxation of income has a negative effect on the long-run growth rate. However, depending on the relative importance of substitution and income effects, a tax on income leads to a rise or fall in the time spent on leisure activities, which in turn increases respectively reduces the size of the negative effect on growth. Furthermore, contrary to the case without leisure-dependent utility, a tax on capital income may have a positive effect on the long-run growth rate. The intuition behind this effect is that, compared to a tax on income, a tax on capital income induces more time spent on production (capital accumulation) and human capital accumulation, because labor (time) is not taxed. Hence, time spent on leisure activities increases. It is shown that, under sensible parameter configurations, the positive effect of higher total non-leisure time outweighs the (direct) negative effect on growth of taxation. Finally, concerning the case with a unique balanced growth path, the analysis shows that a tax on labor income has a negative effect on the long-run growth rate.
The existence of multiple balanced growth paths is proved by showing that under some parameter configurations there exist three BGP's. A necessary condition for the existence of multiple BGP's is established and the stability of the BGP's is determined numerically. One of these BGP's is unstable while the other two BGP's are stable. The value of the ratio of physical to human capital determines which of the stable BGP's will be reached, the relatively high or relatively low growth BGP. A higher income tax rate in this setting implies a lower ratio of physical to human capital in the unstable BGP, which implies that a smaller set of values of the ratio of physical to human capital will converge to the 'high growth' BGP. In addition, the growth rate in the high growth BGP decreases.
The effects of income taxation in the context of a two-sector endogenous growth model have been examined before by many authors. Some of these studies use numerical simulations of calibrated models to calculate the effect of tax reform on growth, e.g. Lucas (1990) , Jones, Manuelli and Rossi (1993), Stokey and Rebelo (1995) and Hendricks (1999) . Others, like Chamley (1992) and Mino (1996) , examine analytically the effect of (capital) income taxation on growth. Almost all these studies conclude that a (capital) income tax is bad for growth. An exception is Uhlig and Yanagawa (1996) who show that higher capital income taxes may lead to faster growth in an overlapping generations economy with endogenous growth. The reason for this positive effect is however entirely different from the reason for a similar positive effect in the present paper. They assume that labor income is paid mostly to the young while capital income accrues mostly to the old. This implies that a higher capital income tax, accompanied with a lower labor income tax, leaves the young with more income out of which to save. If the interest elasticity of savings is sufficiently low, the net effect on savings and, therefore, on growth is positive. The analysis in the present paper is closely related to the analyses in Rebelo (1991), Ladrón-de-Guevara et al. (1997) and Ortigueira (1998) . In fact, the model in the present paper is the same as Rebelo's model with an endogenous leisure choice (Rebelo, 1991 , section III). Due to analytical difficulties, Rebelo confines his analysis of the effect of income taxation on the rate of growth to numerical simulations. These simulations indicate that taxing income has a negative effect on the growth rate. The analysis in this paper shows analytically that this is true. Ladrón-de-Guevara et al. (1997) establishes that there could be multiple balanced growth paths in the human capital accumulation model of Lucas (1988) if leisure is endogenously determined. The present analysis extends this result to the more general two-sector endogenous growth model, where physical capital is included as an input of the educational sector. Ortigueira (1998) studies the effects of labor and capital income taxation on the transitional dynamics to the balanced growth path. He considers both the case of physical capital in the education sector and leisure as an additional argument in the utility function as two separate extensions of the basic model.
The main innovation of this paper relative to the previous literature is to combine physical capital as an input in the educational sector and leisure as an additional argument in the utility function. Previous work has studied models with either the former or the latter feature, but not with both. The present study first shows that the combination of both features leaves the possibility of multiple balanced growth paths intact, compared to the model with endogenous leisure but without capital in the education sector. Second, the finding that endogenous leisure may strengthen or weaken the effect of income taxes on growth, but does not reverse the sign, does depend on this combination. The positive effect of capital income taxes on growth is however shown to be a consequence of the labor-leisure choice. The inclusion of capital as an input in the education sector actually reduces this possibility.
The paper is organized as follows. Section 2 describes the model and its solution, including the possibility of multiple BGP's. Section 3 analyses the effects of taxation on long-run growth, including income, capital-income and labor-income taxation, both in the unique BGP case and the multiple BGP's case. A summary is given in section 4.
The Model
Following Rebelo (1991, section III), the model consists of two sectors with different technologies for production and education. A fraction φ of total capital K together with NH efficiency units of labor, where N is the fraction of time allocated to labor and H the stock of human capital, are used for the production of goods, i.e.,
where A > 0 and 0 < γ < 1 are parameters. Profit maximization implies that in equilibrium firms must pay each production factor its marginal productivity:
where r is the interest rate and w the wage rate. The government imposes flat-rate taxes on capital income, τ r , and labor income, τ w . The analysis will be undertaken in a closed economy context, but, as noted by Rebelo (1991) , is valid in a world of open economies connected by international capital markets if all countries follow the worldwide tax system. Furthermore, to focus on the effects of taxation, government revenues do not affect the marginal utility of private consumption and leisure or the production possibilities of the private sector. Under these assumptions, capital accumulation takes place according to
where δ is the depreciation rate of capital and C aggregate consumption. Human capital accumulation takes place by combining the remaining fraction (1 − φ) of the capital stock with (1 − N − L)H efficiency units of labor, where L is the fraction of the time used for leisure activities. The human capital stock depreciates at the same rate δ as the physical capital stock. This leads to the following human capital accumulation equation:
where B > 0 and 0 < β < 1 are parameters. In the presence of an endogenous leisure choice, the preferences have to be such that in equilibrium the rate of growth of consumption and the allocations of time between work, leisure and human capital accumulation are constant. The following utility function is used throughout the paper 1 :
for σ > 0 (1/σ is the elasticity of intertemporal substitution). This leads to the following optimization problem for the economy,
subject to equations (4) and (5), and such that
given. The parameter ρ reflects the time preference of the economy. In order to have different technologies for production and education, γ and β should be different. The most plausible case is that the goods sector is relatively intensive in physical capital while the educational sector is relatively intensive in human capital, i.e. γ < β. In most models with human capital accumulation β is chosen to be one, as in Lucas (1988) and Ladrón-de-Guevara et al. (1997) .
First, in a competitive equilibrium, the allocation of both physical and human capital across the two sectors is such that the marginal products of the two types of capital (measured in terms of units of physical capital) should be equated in the two sectors, i.e.,
and
where q is the relative value of human capital in terms of physical capital. Second, the return from investing one unit in physical capital should be the same as the return from investing 1/q units in human capital. Hence,
Third, the optimal growth rate of consumption, given the interest rate, is
with σ α = 1 − (1 − σ)α. Last, the optimal allocation of time between leisure and non-leisure activities requires that the marginal utility of leisure equals the marginal productivity of non-leisure time measured in terms of utility of forgone consumption,
where λ is the current-value shadow price of the capital stock. The derivation of equations (11) and (12) is given in appendix 5.1.
The balanced growth path
In a balanced growth path C, K and H grow at constant rates, while φ, N and L remain constant. In particular, it follows that 
Similarly, by equations (5) and (11), the · z = 0 equation can be written as
Furthermore, equations (8), (9), (10) and (12), together with the fact that · q = 0 in a balanced growth path, imply that
This system of equations, consisting of the equations (13)- (17), characterizes a balanced growth path. As is shown in appendix 5.2, the solution to this system involves the solution to the next two equations in the two unknown variables N and L:
with ψ ≡ 
To keep the analysis clear, we impose the following condition:
The reason for imposing this condition is that this ensures that a > 0, which implies that (i) the discriminant (b 2 − 4ac) is always positive (hence, there are only real solutions) and (ii) only one of the two solutions is positive. Moreover, it is not only a device to establish a unique positive solution, it is also an empirically plausible condition. As ψ lies between 0 and 1, the condition requires T to be less than some value larger than one. E.g. if γ = 2/3 (consistent with the usual data on labor's share of income) and β = 3/4(> γ), the condition requires T to be less than 3/2. Concerning the empirical evidence, Carey and Tchilinguirian (2000) construct average effective tax rates on both capital and labor income for the OECD countries, which are reported in table 1. The last column shows the resulting values of T . It follows that 14 out of 21 countries have a T smaller than 1 and all reported countries have a T that is smaller than 3/2. Hence, the condition is likely to be satisfied in reality. Notice that this condition is automatically satisfied if β = 1 (as this implies that ψ = 0).
The possibility of multiple balanced growth paths
In this section we shortly review the possibility of having multiple balanced growth paths in this model. First, it turns out that there is a necessary condition for the existence of more than one balanced growth path. This necessary condition derives from the fact that a balanced growth path is characterized by the equality of two functions of L, f (L) and h(L). First it is shown that f (L) is strictly concave. Since a strictly concave function has at most two intersections with a convex function, and because f (1) = h(1) is one of the intersections, there will be at most one interior solution if h(L) is convex. Hence, convexity of h(L) excludes the possibility of multiple balanced growth paths. This leads to the next proposition.
Proposition 1 Let Condition 1 hold. A necessary condition for the existence of multiple balanced growth paths is that
Proof. See appendix 5.5.1. Is it likely that this condition holds in reality, or not? Given plausible values of the relevant parameters -0 < ρ < 0.1, 0 < δ < 0.1 and 0 ≤ α < 1 -and the empirically estimated range of values for σ -usually σ is estimated somewhere between 1 and 5 -the comparison could come out either way.
Furthermore, if the condition holds, this does not imply that there are multiple balanced growth paths, as it is only a necessary condition. Given the complexity of the model, to find out whether it is actually possible to have multiple BGP's we resort to a numerical analysis. It turns out that it is possible to have more than one balanced growth path, as can be seen in figure 1 . This figure shows the existence of three BGP's. BGP 1 and BGP 2 are interior, while BGP 3 is a non-interior balanced growth path (in which N + L = 1). See appendix 5.3 for a proof that the non-interior BGP is characterized by f (L) = 1 − L (i.e., it lies on the point of intersection of
The existence of multiple balanced growth paths raises the question of the stability properties of the BGP's. Due to the complexity of the dynamical system, we investigated the stability of the BGP's numerically (see appendix 5.4). That analysis implies that BGP 2 is unstable, while BGP 1 and BGP 3 are stable. Let x i (i = 1, 2, 3) denote the capital-human capital ratio at BGP i. Then, given some initial value x 0 (6 = x 2 ) there are z 0 , N 0 , L 0 and φ 0 such that {x 0 , z 0 , N 0 , L 0 , φ 0 } lies on a stable manifold and x 0 converges to either x 1 or x 3 , depending on the specific value of x 0 . The next lemma implies that along the curve of f (L) a higher value of L is accompanied with a higher capital-human capital ratio.
Lemma 2 Let Condition 1 hold and let x(L, N) denote the optimal capitalhuman capital ratio as a function of L and N . Then
Proof. See appendix 5.5.2. From this Lemma we may conclude that -given the stability properties implied by the numerical analysis -if x 0 is smaller than x 2 it converges to x 1 and if x 0 is larger than x 2 it converges to x 3 . Furthermore, as will be apparent from the equation describing the growth rate of the economy as a function of leisure (see equation 20), more leisure lowers the growth rate on a balanced growth path. Thus, an economy with a relatively high human capital stock will converge to the 'high-growth' BGP, while an economy endowed with a relatively low human capital stock will end up in the 'low-growth' BGP (in which the growth rate is actually negative if the depreciation rate δ is positive).
As a last remark, it should be noted that the existence of multiple balanced growth paths relies on the presence of a labor-leisure choice, i.e. 0 < α < 1. If α = 1, the model reduces to the basic two-sector endogenous growth model as described by Rebelo (1991, section III A), which has a unique interior solution.
The effects of taxation
This section analyses the effects of taxation -income taxation, labor income taxation and capital income taxation -on the long-run growth rate. We distinguish two separate cases, one with a unique interior balanced growth path and one with multiple balanced growth paths. 2 The effects critically depend on which of the cases apply.
Unique interior balanced growth path 3.1.1 Income taxation
Taxing (total) income implies that both tax rates are equal, i.e. τ w = τ r ≡ τ and T = 1. To find the effect of taxation on the long-run growth rate we first write the growth rate, g, as a function of L,
with
See appendix 5.6 for a derivation of this result. Notice that this expression for the growth rate reduces to the growth rate in Rebelo (1991, equation
This equation for the growth rate shows that, if both tax rates are equalized to τ , the tax rate has a direct negative effect on the growth rate of (1 − τ ) ν . Moreover, the tax rate also has an indirect effect on the growth rate through the effect on leisure. The direct effect consists of three separate effects. First, taxation takes resources away from a productive sector (the capital production sector) to use it in some unproductive way. Second, income taxation reduces the marginal products of capital and labor in the production of capital (see equation 4), inducing the economy to shift resources from capital production to human capital production (and to leisure activities, but this is part of the indirect effect). Third, the income effect resulting from taxing income implies that more capital and more time will be devoted to the production of capital. As noted above, these three effects taken together, apart from the (indirect) effect on total working time, affect the growth rate negatively.
The analysis above implies that the determination of the overall effect of an income tax on the long-run growth rate involves the effect of the tax rate on the equilibrium value of leisure. To find this latter effect, notice that, since T = 1, the function f (L) is not affected by a change in the tax rate τ . The function h(L), on the contrary, is affected by a change of the tax rate. In particular, the nature of this effect (positive or negative) depends on the earlier encountered comparison between σ and 1 + ρ/(αδ) figure 2 for an example of the latter effect.) Hence, higher income taxes lead to a new balanced growth path with more or less time spent on leisure activities, depending on the relative value of σ, the inverse of the elasticity of intertemporal substitution (EIS). Intuitively, the higher σ, the lower the EIS and the more anxious agents are to smooth their consumption over time and, hence, the stronger the income effect. As a result, at a relatively high level of σ the income effect dominates the substitution effect, leading to less time spent on leisure activities.
Spending less time on leisure activities and, hence, more time on working, either to produce output (and capital) or to produce human capital, has obviously a positive effect on the growth rate, as is also clear from equation (20) . This raises the question whether this (indirect) positive effect could be stronger than the (direct) negative effect. Analyzing the derivative of g(L) with respect to the tax rate τ , however, reveals that this situation cannot arise.
Proposition 3 Let Condition 1 hold. Suppose that there is a unique interior BGP. Let τ w = τ r ≡ τ . Then an increase in the tax rate induces a decline the long-run rate of growth.
Proof. See appendix 5.5.3. Hence, taxing both labor income and capital income equally reduces the long-run growth rate. Compared to the situation with a fixed labor supply, the negative effect of income taxation on the long-run growth rate is either stronger (i.e. more negative) in the case of a relatively large EIS, which leads to more time spent on leisure activities, or weaker (i.e. less negative) in the case of a relatively small EIS, which leads to less time spent on leisure activities. Smith (1996) finds a similar but opposite effect of introducing uncertainty into the model. In a stochastic growth model, he finds that: (i) If the EIS is small, an increase in the tax rate reduces growth more than predicted by non-stochastic models; (ii) If the EIS is large, the long-run growth rate decreases by less than predicted by non-stochastic models. 3 If β = 1, that is, if human capital accumulation is independent from physical capital, the expression for the growth rate, as given by equation (20), changes to
This implies that taxes have no direct effect on the long-run growth rate. Moreover, it can easily be shown that in this case the function h(L) is independent from any tax rate (see appendix 5.2). As a result, income taxation has no indirect effect on the growth rate either. Hence, the finding that endogenous leisure may strengthen or weaken the effect of income taxes on growth, but does not reverse the sign, depends on the combination of both physical capital in the educational sector and leisure as an additional argument in the utility function.
Capital income taxation
In this section we analyze the effect of a capital income tax on the long-run growth rate. For simplicity, let us start with the case in which capital is not an input in the education sector, i.e. β = 1. Hence, the capital income tax rate has no direct effect on the growth rate (see equation 21). A change in the time spent on leisure, then, directly translates into a change in the growth rate. To find the indirect effect of the tax rate through the effect on leisure, we need to examine, as in the previous section, the effect of the tax rate on the functions f(L) and h(L), which are (implicitly) given in appendix 5.2. First, notice that f(L) only depends on the capital income tax rate, τ r , through T . The derivative of f(L) with respect to T can be derived from total differentiation of equation (33). As a result,
The positive sign of this derivative follows directly from equation (33) by noticing that (1 − γ)N 2 > 0. A higher capital income tax rate therefore shifts the function f(L) upwards.
Second, the capital income tax rate has no effect on h(L). This implies that, given the existence of a unique equilibrium, the effect of the tax rate on the equilibrium value of leisure is negative. Since h(0) > f(0) = 0 (see footnote 2), h(L) (which is monotone in L) intersects f (L) from above, which implies that an upward shift of f (L) decreases the equilibrium value of leisure. A rise in the capital income tax rate, consequently, leads to less time spent on leisure activities, and, hence, to a rise in the rate of economic growth. Proposition 4 Given Condition 1, let a unique interior BGP exist. If human capital is the only input in the education sector, an increase in the tax rate on (physical) capital income induces a rise in the long-run rate of growth.
Proof. This follows immediately from the consideration preceding the proposition.
Let us now examine the more general case in which capital is an input in the education sector, i.e. 0 < β < 1. Equation (20) reveals that in this case the capital income tax has a direct negative effect on the growth rate of (1 − τ r )
(1−γ)ν . The indirect effect is now more complicated as the sign of the derivative of f (L) with respect to T cannot be established analytically. However, extensive numerical computations 4 show that ∂f (L)/∂T is positive for all L ∈ (0, 1). Then, a higher τ r , which implies a higher T , shifts f (L) upwards.
Numerical Result 1 ∂f (L)/∂T > 0 for all L ∈ (0, 1).
The effect of the capital income tax rate on h(L) can be deduced from rewriting equation (19) as
ν . Therefore, the effect of the capital income tax rate on h(L), like in the case of the (total) income tax rate, depends on the relative values of σ, α, δ and ρ: An increase in τ r induces a positive shift of h(L) if σ < 1 + ρ/(αδ) and a negative shift if σ > 1 + ρ/(αδ).
Again we can ask ourselves the question whether the positive effect on the growth rate through a fall in the time spent on leisure activities could dominate the direct negative effect. While this was not possible in the case of income taxation, it is possible in the case of capital income taxation to construct examples in which the tax rate has a positive effect on the longrun growth rate. Moreover, it is possible for sensible or empirically plausible parameter values. For example, let γ = 0.67 (consistent with data on labor's share of income); ρ = 0.05; δ = 0.1; σ = 3 (the elasticity of intertemporal substitution, 1/σ, is usually estimated between 0. Table 2 shows the effect of increasing τ r from 0 to 0.5 on leisure L and the 4 The numerical computations depend on the values of α, β, γ and T , such that 0 < α < 1, 0 < γ < β < 1 and T > 0. growth rate g, both starting from an undistorted economy (τ w = 0) as well as a distorted economy (τ w = 0.5). Notice that the finding that capital income taxation can have positive growth effects depends on the endogeneity of the leisure choice. With a fixed labor supply this result cannot be obtained.
Proposition 5
Let capital be an input in the education sector. Then there exist (sensible) configurations of the parameters such that an increase in the tax rate on capital income induces a rise in the long-run rate of growth.
Proof. This follows from numerical simulation of the model (see table  2 ).
The reason for this positive effect on the growth rate -or, better, the possibility of a positive effect -is that, compared to income taxation, spending time on capital accumulation, N , and on human capital accumulation, 1 − N − L, becomes more attractive, because human capital is not taxed. Hence, leisure becomes more expensive and will be purchased less.
Labor income taxation
Let us first examine the case of β = 1. Given the growth rate in equation (21) and the functions f(L) and h(L) (equations 33 and 34 in appendix 5.2), it is easy to see that the effect of a labor income tax is exactly the opposite of the effect of a capital income tax. A tax on labor income, therefore, induces a downward shift in f (L), while leaving h(L) unchanged. Under the same conditions as in the previous section, a higher tax rate on labor income will increase the time spent on leisure.
Proposition 6 Given Condition 1, let a unique interior BGP exist. If human capital is the only input in the education sector, an increase in the tax rate on labor income induces a decline in the long-run rate of growth.
Proof. Follows immediately from Proposition 4.
Considering the more general case in which capital is an input in the education sector, equation (20) directly shows that the labor income tax rate has a direct negative effect on the growth rate of (1 − τ w ) γν . The indirect effect of the labor income tax rate through leisure is very similar to the indirect effect of the capital income tax rate. First, the effect of τ w on f (L) is exactly the opposite from the effect of τ r , i.e., a higher τ w shifts f (L) downwards (given Numerical Result 1). Second, the effect of τ w on h(L) is qualitatively similar to the effect of τ r and follows from equation (23): An increase in τ w induces a positive shift of h(L) if σ < 1+ρ/(αδ) and a negative shift if σ > 1 + ρ/(αδ).
What will be the effect of the labor income tax rate on the long-run rate of growth? If we compare labor income taxation with income taxation, the use of physical capital in the capital accumulation process is not taxed, implying that more capital is used to accumulate capital and less to accumulate human capital. This has a negative effect on growth. Moreover, the positive effect on growth through reduced leisure as present in the case of capital income taxation is absent in this case. This suggests that the effect of the labor income tax rate on the long-run rate of growth is negative. This is confirmed in the next proposition. Proof. See appendix 5.5.4. Hence, increasing the tax rate on labor income reduces the long-run rate of growth. Like in the case of income taxation, the negative effect of income taxation on the long-run growth rate, compared to the situation with a fixed labor supply, is either stronger (i.e. more negative) in the case of more time spent on leisure activities or weaker (i.e. less negative) in the case of less time spent on leisure activities.
Multiple balanced growth paths
Suppose that there are three balanced growth paths as depicted in figure 1 . Then, according to proposition 1, σ < 1 + ρ αδ . This implies that a higher tax rate on income induces an upward shift in h(L). As a result BGP's 1 and 2 change, while BGP 3 stays the same, as is shown in figure 3 . In the new BGP 1 -the stable interior path -people have more leisure, work more in the goods sector but spend less time on education. As a result the growth rate is lower. Taxation of income also induces a shift in BGP 2 -the unstable interior path -such that less time will be spent on leisure activities, while the effect on the time spent on the production of goods is ambiguous. Due to the reduced time spent on leisure, however, it can be shown that the growth rate in the new balanced growth path is always higher than the growth rate in the old balanced growth path, while the capital-human capital ratio has fallen. The effects of income taxation on the three BGP's are summarized in the next proposition.
Proposition 8 Let Condition 1 hold. Suppose that there are three balanced growth paths as depicted in figure 1 . Then an increase in the tax rate on income induces (i) a shift in BGP 1 such that the relating long-run rate of growth decreases, (ii) a shift in BGP 2 such that the relating long-run rate of growth increases while the capital-human capital ratio decreases, and (iii) no shift in BGP 3.
Proof. See appendix 5.5.5. Observe that the result that a higher income tax implies a lower capitalhuman capital ratio in BGP 2 implies that the set of (initial) values of the capital-human capital ratio converging to the high-growth BGP -which itself has a lower growth rate -reduces.
Finally, consider the effects of the two tax rates on capital and labor income separately. Due to the fact that σ is smaller than 1 + 
Summary
The present study analyses the effects of taxation on long-run growth in a two-sector endogenous growth model with (i) physical capital as an input in the education sector and (ii) leisure as an additional argument in the utility function. First, depending on the values of the parameters, the model may exhibit multiple balanced growth paths. As shown in the earlier literature, this is due to the labor-leisure choice. The inclusion of capital in the education sector does not change this conclusion. This paper gives an example where there are three balanced growth paths and, additionally, establishes the effects of taxation on the three equilibria.
Second, due to the flexibility of labor supply, taxation of (capital and/or labor) income may induce agents to spend more or less time on leisure activities, depending on the relative sizes of the substitution and income effects. In the case of income taxation, where capital and labor income are taxed equally, the resulting effect on the growth rate is negative, as in the case without endogenous leisure. The finding that endogenous leisure may strengthen or weaken the effect of income taxes on growth (without reversing the sign) is, however, also the result of including capital as an input in education. Having only human capital as an input in education implies that income taxation has no effect on the growth rate.
In the case of capital income taxation the direction of the effect may also change. In this case, the positive effect of the increase in total non-leisure time dominates the direct negative effect of the tax rate on growth, implying that capital taxation increases the long-run growth rate. The possibility of a positive effect of capital income taxes on growth is shown to be a consequence of the labor-leisure choice. The inclusion of capital as an input in the education sector actually reduces this possibility.
Labor income taxation, on the contrary, has a negative effect on the growth rate, with or without capital as an input in the education sector. In general, with capital in the education sector, endogenous leisure may strengthen or weaken the effect of labor income taxes on growth, but does not reverse the sign.
Appendix

The consumer optimization problem
The Hamiltonian associated with the representative consumer's optimization problem reads 
If we define q ≡ µ λ
, and make use of equations (8), (9) and (10), we can show that
which implies, by equation (25), that the growth rate of consumption is given by equation (11) . Furthermore, by the definition of q, equation (27) directly turns into equation (12) . Notice that equation (29) implies that q is constant. Since µ is growing at the same rate as λ and H is growing at the same rate as K, the transversality condition is given by
5.2 Solution to the system of equations (13)- (17) Using equations (2) and (3), equation (13) can be rewritten as
Note that equation (15) implies that
Then, from equation (16), we can derive an expression of x, i.e.,
Moreover, it is easy to show that
These observations, together with equation (17), imply that equation (31) transforms to equation (18).
To derive equation (19), we rewrite equation (14) with the help of equation (10):
or,
Inserting the expression for x and simplifying yields equation (19). If β = 1, equations (18) and (19) reduce to
The non-interior balanced growth path
The Hamiltonian associated with the restricted optimization problem (in which
where · K is given by equation (4) (with φ = 1 and N = 1−L). The first-order conditions are:
Equations (36) and (38), together with (3) (with φ = 1 and N = 1 − L) imply that
while the · x = 0 and · z = 0 equations are now given by
It is easy to show that the solution for L to this set of equations is implicitly given by
which is exactly equal to equation (18) with N = 1 − L.
Stability of the balanced growth paths
To investigate the local stability of the balanced growth paths, we first derive the law of motion of the variables {x, z, L, N, φ}. Elimination of the costate variables leads to the following system of five differential equations:
where η(.) and µ(.) are given by
By differentiating each differential equation with respect to x, z, L, N and φ in a steady state, we obtain the coefficients matrix of the linearized system around a steady state. The eigenvalues of this matrix determine the local stability of the steady state. If all eigenvalues have negative real parts the steady state is locally stable. If all eigenvalues have positive real parts the steady state is unstable. If some of the eigenvalues have negative and others positive real parts, there exists a stable manifold, which is defined as the set of points on which convergence to the steady state takes place. The dimension of the stable manifold is equal to the number of eigenvalues with negative real parts. In the case of the three equilibria of figure 1 the (approximate) values of the eigenvalues, which are given in table 3, imply that BGP 2 is unstable, while BGP's 1 and 3 are stable, i.e. both have a stable manifold of dimension one.
Proofs
Proof of Proposition 1
As written in the paragraph preceding Proposition 1, the first step in the proof is to prove that f (L) is strictly concave. Solving equation (18) 
Replacing Ω−Q with the expression implied by equation (42) and simplifying yields
which, since Q > 0, implies that
Using equation (43), the second derivative of f(L) can be written as
This proves that f(L) is strictly concave. The second step is to find out when h(L) is convex and/or concave. It is straightforward to show that the second derivative of h(L) is given by
Hence, h(L) is strictly concave if σ < 1 + ρ αδ and strictly convex if σ > 1 + ρ αδ .
Proof of Lemma 2
From equation (32) we derive that
This derivative is positive iff
which is true since equation (44) implies that
Proof of Proposition 3
Inserting τ w = τ r ≡ τ into equation (20) implies that the growth rate as a function of L reads
The derivative with respect to τ is, then, given by
which implies that ∂g ∂τ < 0 iff
Then we take the total derivative of f (L) = h(L), which can be written as
Two observations are made at this point. First, by Numerical Result 1,
which can be rewritten as
If the right-hand side of this inequality is higher than −(1 − β), i.e.,
equation (62) is satisfied and the proof is done. It is easy to show that this inequality can be transformed to
which is satisfied according to equation (44).
Proof of proposition 8
First, observe that in BGP 1, f 0 (L) − h 0 (L) > 0. This implies that this case is similar to the case of a unique interior BGP as worked out in the proof of Proposition 3, implying that a marginal increase in the tax rate decreases the long-run growth rate. Second, reasoning along the same lines as in the proof of Proposition 3 shows that, since f 0 (L) − h 0 (L) < 0 in BGP 2, a marginal increase in the tax rate increases the long-run growth rate. Obviously BGP 3 is unchanged.
To find the effect of the tax rate on the capital-human capital ratio we calculate the derivative of x(L, f (L)) (see equation 48):
Since β > γ, ∂η i ∂τ < 0 for i = 1, 2 and ∂L ∂τ < 0 in BGP 2 (the shift in BGP 2 reduces the time spent on leisure), the capital-human capital ratio x falls.
5.6 Derivation of the growth rate as a function of L Equation (2) implies that
where the second and third equations follow from equations (15) and (16) respectively. Inserting the expression for x as given by equation (32), yields
Inserting this equation into equation ( 
